Recently, several new characteristics have been introduced to describe null geodesic structure of strong gravitational field, such as photon regions, transversely trapping surfaces and some generalizations. They give an alternative and concise way to describe lensing and shadow features of compact objects with strong gravitational field without recurring to complete integration of the geodesic equations. Here we test this construction in the case of the Weyl metrics when geodesic equations are non-separable, and thus can not be integrated analytically, while the above characteristic surfaces and regions can be described in a closed form. We develop further our formalism for a class of static axially symmetric spacetimes introducing more detailed specification of transversely trapping surfaces in terms of their principal curvatures. Surprisingly, we find in the static case without spherical symmetry certain features, such as photon regions, previously known in the Kerr space. These photon regions can be regarded as photon spheres, "thickened" due to oblateness of the metric.
I. INTRODUCTION
Currently, there are two main ways of describing images of BH and other dark compact objects [1] resulting from the scattering of electromagnetic radiation on them. The first is the direct integration of geodesic equations for null rays, adopted in the theory of gravitational lensing and the formation of shadows [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In the standard black hole theory based on the no-hair theorem and the Kerr-Newman family of solutions [17, 18] , such integration is possible in view of the separability of the Hamilton-Jacobi equation due to the existence of the third Carter's integral of motion associated with the Killing-Yano tensor [19] in addition to the energy and the azimuthal angular momentum associated with stationarity and axial symmetry. In the case of more general stationary and axially symmetric metrics that have been used recently [20] [21] [22] to extract more general predictions outside the Kerr paradigm, the third integral no longer exist, and analytic solution of geodetic equations is impossible. Moreover, as one would expect for nonintegrable systems, the motion demonstrates areas of chaos [23, 24] , which complicates the task of visualization.
An alternative and/or complimentary way to characterize optical properties of nonstandard static and stationary metrics is to use characteristic surfaces related to trapping of certain classes of null geodesics. Recall that the event horizon in the Schwarzschild space r = 2M is an absolute trapping surface, which captures all null and timelike geodesics, with any initial conditions. Other trapping surfaces, which we propose to call "relative trapping surfaces" capture some of null geodesics. The most famous is the photon sphere (PS) [25] . In the Schwarzschild case it is the sphere of the radius r = 3M , which is the union of unstable circular photon orbits. It is a trapping surface for photons moving tangentially to it or inward. More precisely, tangential photons remain in the photon sphere forever, while those moving with a non-zero inward component of the momentum will be absorbed by the black hole.
Such surfaces, however, are rare in more general spacetimes. Several uniqueness theorems were established for vacuum and electrovacuum [26] [27] [28] [29] [30] [31] [32] stating that in the static case the only asymptotically flat metrics admitting PS are the known black holes, an existence of PS replacing the assumption of a regular event horizon. In some non-spherical static spacetimes, properties of the photon spheres are shared by the photon surfaces of non-spherical shape [33] , examples of spacetime admitting non-spherical photon surfaces are presented by asymptotically non-flat metrics (vacuum C-metric, Melvin's solution of Einstein-Maxwell theory and its generalizations including the dilaton field [34] ).
Meanwhile, in the stationary spacetimes photon surfaces generically do not exist, being, in some sense, disintegrated by rotation. The Taub-NUT metric, though belongs to this class, is an exception, whose existence is explained by local SO(3) symmetry which is preserved. In the Kerr metric the circular photon orbits exist in the equatorial plane [35] . Non-equatorial orbits with constant Boyer-Lindquist radii no longer belong to any plane, but lie on the surface of a sphere instead ("spherical photon orbits" [36] ). But such surfaces are not photon spheres, which by definition should be densely filled. In the Kerr case every spherical orbit corresponds to certain value of the impact parameter defined as ratio of the angular momentum to the energy. Altogether spherical orbits now will a three-dimensional photon region (PR) [37] [38] [39] , which can be regarded as "thickened" photon sphere. Note that the closed photon orbits may exist in more general spacetimes in which case the name of fundamental or/and spheroidal photon orbits was suggested [40] [41] [42] .
More general trapping surfaces, proposed in [43] and further studied in [44] , were called transversely trapping surfaces (TTS). In Schwarzschild case TTS are the spheres with the radii r ≤ 3M . These are defined as surfaces such that initially tangent photons either remain in them or move inward; these do exist in Kerr and more general stationary axially symmetric metrics.
The totality of TTSs form a three-dimensional region (TTR), which apparently will be invisible if one looks at the Schwarzschild black hole illuminated from behind. Further generalizations suggested in [44] include partial TTS (PTTS) which are non-closed surfaces (contrary to the definition in [43] ) of the shape of a spherical cap. Finally, it is reasonable to introduce anti-TTS and PTTS (abbreviated as ATTS and APPTS, the corresponding regions -TTR and PTTR respoctively) replacing inward to outward in the above definitions. ATTSs and APTTSs can be seen by an asymptotic observer.
The above listed characteristic surfaces fill all the three-space of the Kerr-Newman metric thus providing complete description of photon trapping surfaces around the standard black hole.
As we have shown in [44] , the Kerr-Newman metrics with different values of three parameters M, J, Q can be cast into four optical types depending on existence of various combinations of PR, TTS and PTTS characteristic surfaces.
From astrophysical perspective, the current interest extends to non-standard metrics for compact objects as well; such a research aims to extract wider predictions for their possible op-tical images which recently became subject of the observational study. Here we will investigate a popular family of oblate deformations of the Schwarzschild metric known as Zipoy-Voorhees (ZV) solutions or gamma-metrics [45] [46] [47] [48] [49] [50] [51] , which are the static axially symmetric but not spherically symmetric solutions belonging to the Weyl class. This spacetime is non-separable for geodesic motion, so its description in terms of characteristic trapping surfaces and regions is especially relevant.
On general grounds, ZV family of solutions has no photon surfaces, and closed circular photon orbits exist only in the equatorial plane. As about TTS, it was proved [43] that all closed TTS spatial sections in a static asymptotically flat space should have the topology of the sphere S 2 , but not necessarily spherically symmetric. Thus, it is natural to assume that for static asymptotically flat spaces that go beyond uniqueness theorems, such as the ZipoyVoorhees solution, and therefore not allowing the existence of photon spheres, it is natural to consider some deformed transversely trapping surfaces of spherical topology.
Mathematically, an important constructive property of the photon surfaces is expressed by the theorem asserting that they are conformally invariant and totally umbilical hypersurfaces in spacetime [55, 56] , such that that their second fundamental form is pure trace, i.e. is proportional to the induced metric or other words hypersurface have equal principal curvatures.
Therefore, contraction of the second fundamental form with null geodesic generator will be zero.
In the case of TTS such contractions are non-zero, and their sign serve an indicator for TTS and ATTS. This observation is essential for subsequent analysis.
In this paper, the problem of photon capture and the description of the optical structure of static axially symmetric vacuum spaces will be studied. We will demonstrated that in spaces of this type new geometrical structures arise, such as non-spherical TTS surfaces, and a nonspherical photon region, having a direct analog with the same spherically symmetric structures in Kerr-like solutions and admitting an elegant formulation in terms of principal curvatures of hypersurfaces.
The plan of the paper is as follows. In Section 2, we define characteristic hypersurfaces in space-time based on the properties of the second fundamental form and principal curvatures.
In Section 3, we describe the features and properties of the Zipoy-Voorhees and Curzon-Chazy solutions. Section 4 cover the main aspects of an explicit description of null geodesic and real observation. In Section 5, we study the possibility of constructing spherically symmetric TTS hypersurfaces in the ZV metric and their connection with the optical properties of the solution. In Section 6 a new type of non-spherical TTS in the ZV is being studied. We study its connection with the explicit behavior of geodesics and develop construction methods both numerical and analytical. In Section 7 introduce the concept of a generalized photon region, also based on the properties of the principal curvatures of the hypersurfaces and analyze its connection with the behavior of isotropic geodesics too. In Section 8 the optical properties of the ZV solution with with deformation parameter δ < 1 are studied in more detail. In Section 9
we compare the predictions obtained from the analysis of characteristic photon surfaces in the ZV space with an explicit shadow structure for different values of the deformation parameter.
In conclusion, the main results are summarized and some perspectives are discussed.
II. TRANSVERSELY TRAPPING SURFACES IN STATIC AXIALLY SYMMETRIC

SPACETIME
Consider a static axially symmetric Weyl metric with two commuting Killing vectors ∂ t and ∂ φ and signature (−, +, +, +) in adapted Erez-Rosen coordinates x µ = t, r, θ, φ [57] :
whereĝ tt ,ĝ rr ,ĝ θθ andĝ φφ are functions of r and θ only. Consider a timelike three-dimensional hypersurface in the parametric form, choosing coordinates σ A = t, θ, φ on the hypesurface coinciding with the coordinates in the bulk:
)n ν be the first and the second fundamental forms of the hypersurface, where f µ A = ∂f µ /∂σ A are three linearly independent tangent vectors to the hypersurface,∇ -is the covariant derivative associated withĝ, and n ν is the outer normal.
In the explicit representation (2.2), the tangents vectors f µ a = δ µ a , a = (t, φ), coincide with two commuting Killing vectors ∂ a and thus f a θ = 0. Consequently, the unit normal vector to the hypersurface will have two non-zero components n ν = (0, n r , n θ , 0) and the induced metric g AB and the second quadratic form H AB will be diagonal:
3) 5) since the Christoffel symbols for metric (2.1) have the propertiesΓ
a(r,θ) = 0. As was demonstrated in [33, 43, 44] , to analyze the optical properties of these surfaces, it suffices to study the value of the second fundamental form H on the null vectorsγ in the hypersurface, tangent to affinely parameterized null geodesics:
Recall that the null geodesic initially touching the spatial section of the hypersurface remains on it if H(γ,γ) = 0 for any tangent null vectors, which corresponds to the definition of the photon surface in [33] . If we require the fulfillment of this condition only for some isotropic vectors (with a fixed ratio of the orbital angular momentum and the energy), we meet the definition of the photon region [44] . Otherwise, the null geodesic leaves the hypersurface spatial section in the opposite direction to the normal n ν if H(γ,γ) > 0 (inwards), corresponding to TTS [43] , and in the direction of the normal if H(γ,γ) < 0 (outwards), which meets the definition of ATTS [44] . If such surfaces are not closed, we called them partial.
We now use the isotropy condition for the tangent vectorγ
where g AB is an induced metric satisfying g tt < 0, g θθ > 0 and g φφ > 0 in the outer region.
Then, eliminatingṫ from (2.6), we get: 8) with no restrictions onθ andφ. Consequently the sign of H(γ,γ) is determined by the signs of H θθ andH φφ for all relevant θ, which we would like to keep separately as given in the Table I .
It will be useful to introduce more special characteristic surfaces (A)TTS θ for which the componentH θθ = 0 of the second fundamental form identically equals to zero for all relevant θ and, consequently, theH φφ component is (negative) positive definite. Such surfaces contain closed meridional isotropic geodesics withφ = 0 (a special case of spheroidal or fundamental photon orbits [41, 42] ). These surfacesH θθ = 0 trap tangential geodesics withφ = 0.
By analogy, we can also introduce the surfaces (A)TTS φ withH φφ = 0 which contain closed geodesic withθ = 0, such as circular photon orbits. Though generically such non-degenerate fully three-dimensional hypersurfaces may not exist, such properties can be met on some twodimensional timelike section or boundary of more general three-dimensional hypersurfaces. In this case, the unit normal field to such two-dimensional sections will be induced from the threedimensional hypersurfaces by continuity. Such reduced two-dimensional surfaces (A)TTS φ do not allow tangent geodesics withθ = 0 to propagate (against) along the normal, though they can leave them in a tangent direction.
One can give an explicit geometric interpretation to these definitions as follows. In the case of diagonal fundamental forms with which we restrict here, the principal curvatures (eigenvalues of a pair of quadratic forms) of a hypersurface are defined as λ A = H AA /g AA . Respectively,
Clearly, the photon surface is a hypersurface of equal principal curvatures λ t = λ θ = λ φ for all relevant θ, or a totally umbilic surface [33, 55, 56] . The (A)TTS θ -surfaces correspond to equality of only two principal curvatures λ t = λ θ while λ φ ≥ λ t (λ φ ≤ λ t ). Respective properties of (A)TTS φ are shown in Table I . Below in the section VII we will show that there exists an one-parameter family of hypersurfaces containing both of them. The corresponding three-dimensional region can be interpreted as a generalized photon region. 
To simplify the expressions further, we rewrite the metric components (2.1) in an exponential
where α, λ, β and γ are functions of r and θ. It is assumed that the solution is asymptotically flat at r → ∞, and we are in the domain of positivity of all the metric functions.
Explicit calculations for the metric parametrization (2.10) give:
where α β ≡ α − β etc., ξ and ζ are strictly positive functions, the primes denoting derivatives
The equations (2.11, 2.12) are non-linear and the construction of an explicit solution of f for specific metrics usually is problematic, though in the particular case of f (θ) ≡ r T = const we get the simple expressions:
Finally, note that for the closed TTS, there exists an inequality of Penrose type [43] , which in our case takes the form:
An important characteristic will be the ratio of the TTS area to its maximal allowable value
III. ZIPOY-VOORHEES
As a non-trivial example of a static axially symmetric asymptotically flat spacetime not admitting the standard photon surfaces, we will consider the Zipoy-Voorhees (ZV) vacuum solution [45] [46] [47] [48] which in the Erez-Rosen coordinates (2.10) reads [49, 50] :
This solution can be interpreted as an axially symmetric deformation of the Schwarzschild metric with the deformation parameter δ ≥ 0, to which it reduces for δ = 1. For δ = 2 it can be interpreted as a two-center solution, a particular non-rotation version of the TomimatsuSato metric [48] . This metric does not allow for complete separation of variables in the geodesic equations and exhibits features of geodesic chaos [23] . Here we wish to study its photon trapping properties using the above described tools.
In general, the solution has the following features [48] [49] [50] . For all δ > 0 there is a curvature singularity at r = 0 originating from the Schwarzschild singularity. For δ < 2, except for δ = 0, 1, there is also a naked singularity at r = 2m for any θ. In the case δ > 2 the Kretchmann scalar vanishes at r = 2m for θ = 0, π so there is no curvature singularity there.
Moreover, at least for δ = 2, 3 and δ ≥ 4, these varieties are the Killing horizons (the case δ = 2 demanding more accurate analysis, see [48] ). The Arnowitt-Deser-Misner mass is equal to M = mδ. The outer domain in which we are interested in extends as r > 2m.
In the following, we will compare solutions of the same physical mass M by varying the value of the deformation parameter δ. These manifolds will be called "ZVδ" for brevity. We also include the limiting configuration δ → ∞ with fixed M , which corresponds to Chazy-Curzon solution in spherical coordinates [47, [52] [53] [54] :
We will refer to this solutions as "ZVI". The evaluation of the Kretchmann scalar in this case gives:
where P (r, θ) is some polynomial. Thus curvature singularity has a complicated directionally dependent structure and can be clarified by making a more appropriate choice of coordinates.
It was confirmed that the curvature singularity has the structure of a ring actually. In addition, this space-time has an invariantly defined hypersurface r J = M , on which the cubic invariant of the Weyl tensor J vanishes [47] . At any time, this has the topology of a 2-sphere which surrounds the singularity. Note that, as well as in the ZV spacetime, the chaos effects on the Poincare sections indicates the non-integrability of the corresponding geodesic system [24] .
IV. GEODESICS AND OBSERVERS
In what follows, we would like to establish the correspondence between the structure of the TTSs, an explicit behavior of geodesics and the optical appearance of the metric. By virtue of staticity and axial symmetry, there are two Killing vectors ∂ t , ∂ φ and, accordingly, two integrals of motion:
namely the energy and the azimuthal component of the angular momentum, whose ratio ρ is the azimuthal impact parameter. We now turn to the description of isotropic geodesics in an explicit form. Computing the Christoffel symbols for the metric (2.10), we obtain the following two-dimensional system of partial differential equations for r, θ:
with suitable initial conditions. An explicit from of these equations for the ZV metric, as well as some details on the porperties of geodesics motion can be found in [50, 51] . The initial conditions can be related to some observer located at the point (r O , θ O ), supposedly in the asymptotic region. The light rays are then traced back to the compact object whose image we are interested in. Following [37] , introduce an orthonormal frame:
using which any null vectorξ can be presented as:
where 0 ≤ ϑ ≤ π, 0 ≤ ψ ≤ 2π are coordinates on the observers celestial sphere with a north pole directed to the origin r = 0. Eliminating Q, it is easy to get the following explicit expressions:
It is also convenient to enter the coordinates (X, Y ) of the stereographic projection of the celestial sphere onto the plane [37] : 
The way how ρ max can be found for the shadow of the Zipoy-Voorhees solution will be clear shortly.
V. SPHERICAL TTS
In the case of Kerr-Newman family of metrics, as we have shown in [44] the set of spherical (P)(A)TTS together with the photon region creates a complete filling of their three-dimensional spatial section and characterizing the basic properties of the solution optical structure. The question arises whether such a construction is possible in the case of spherically asymmetric static metrics.
In view of the restriction on the geometry of closed TTS to have a spatial section of spherical topology [43] , let us consider as a first approximation the hypersurfaces of the form f (θ) ≡ r T = const in Erez-Rosen coordinates [57] . As we will see below, this choice leads to the coarsest, but at the same time the simplest possible description of the optical properties of ZV spacetme.
From (2.13) for (P)TTS it is easy to get the following conditions:
In particular, for θ = 0, π/2 we get:
whence it is easy to see that closed TTSs will exist in the following range of values Table II . 
Note that in the Curzon-Chazy case, closed TTS coincide with invariantly hypersurface, on which the Weyl invarian J (determinant of the Weyl five complex scalar functions) vanishes [54] . Together with PTTSs (which are defined by the full equation ( by Synge [58] , and later in [59] for rotating solutions, where the photon escape cones and their relationship with the shadows were studied.
We note the main features and patterns. We see that all solutions with δ > 1/2 belong to the first type I of the classification introduced in [44] , as containing a set of closed TTSs.
In addition, the presence of white areas indirectly indicates the possible existence of a photon region. Thus, it can be expected that, in general, the optical structure of such solutions does not differ significantly from similar Kerr solutions of type I. At the same time, solutions with δ < 1/2 seem to belong to the third type III of super-extreme Kerr-Newman solutions (see also [7] for comparison). When δ > 2, the TTS region exfoliates from the singularity, thus geodesics tangent to spheres from a small neighborhood of the singularity can go to infinity Fig. 1c , which is clearly different from the case of the Schwarzschild metric [58] .
Nevertheless, a number of drawbacks of this picture are obvious. It is easy to see that the photon capture region (red) Fig. 1 is much larger than the region of existence of closed TTS (the difference increases with δ, but has a finite limit for ZVI). This situation arose in the case of the Kerr metric due to the existence of the photon region and PTTS, however, unlike the case of Kerr-like solutions, now even touching the PTTS does not guarantee the capture of the null geodesic, since it can leave the PTTR region through its boundary and subsequently get to infinity, which was not the case with Kerr [44] . In particular, there is also a new intermediate type of trajectories going from infinity to singularity and tangents to PTTS at some point (green color).
In order to estimate how accurately the spherical closed TTS characterize the photon capture region, one can calculate the characteristic of the area ratio κ. In the case of Zipoy-Voorhees space with δ ≥ 1, it is easy to obtain the following explicit expression:
where it is taken into account that M = mδ. In the case of δ → ∞ we get:
Thus, spherical closed TTSs cover about 0.6 of the maximum allowable capture region for large δ. For δ ≈ 1 it is not difficult to show that 0.59 < κ ≤ 1. It is easy to verify that κ = 1 for δ = 1. And so the spherical TTS are best suited only for this occasion. The question arises, is there another and better option for TTS filling? The answer is yes.
VI. NON-SPHERICAL TTS
Our goal now is to find such a surfaces that would most accurately characterize the optical properties of ZV solutions. To do this, we need to consider the new notion of TTS θ , namely, TTS with the equal two principal curvatures λ t = λ θ . Spherically asymmetrical TTS θ surfaces by construction will contain closed non-equatorial geodesics with zero azimuthal impact parameter.
Such geodesics are a special case of spheroidal [41] and fundamental [42] photon orbits. At the same time, the very existence of spheroidal photon orbits, and therefore non-spherical TTS θ , already can indicates the impossibility of separating variables in the corresponding geodesic system due to absorption of spherical orbits [40, 41] . The exact expression for TTS θ can be found numerically. To do this, we consider the differential equationH θθ = 0 (2.11) separately:
We must also add boundary conditions. It is clear from symmetry that the normal vector n µ at the points θ = 0, π/2 must coincide with the radial direction. In addition, the function f (θ) must have a period π: If one decomposes the resulting TTS θ in a Fourier series, one can build TTS θ filling of the spatial section of the entire spacetime:
where a is a family parameter. By calculating the TTS, ATTS conditions for such surfaces, one can easily obtain the images shown in the Figs. 3. Note that the capture regions of tangent geodesics with a zero value of the impact parameter coincide trivially with TTR θ as it was in the Schwarzschild metric [58] .
These figures also depict a set of geodesics with a zero value of the impact parameter ρ = 0 from the observation point r O = 3M and various angles θ O = π/2, π/4. It can be seen that there are geodetic wound around TTS θ and defining the shadow boundary (or rather, the angular size of its cross section ∆Y at X = 0 in stereographic coordinates on the celestial sphere), while the angle of deviation of light rays for such geodesics, strive to infinity [60] , and accordingly a set of relativistic images [61, 62] arises. In addition, it is clear from Figs. 3c, 3d that the angles corresponding to the vertical size Y and −Y above and below the axis Y = 0 of the shadow are asymmetric for a non-equatorial observer (see also section IX).
Thus, the notion of TTS θ really justifies itself, and allows, without explicitly solving the geodesic equations, to predict the behavior of isotropic geodesic flows, determining the possibility of the existence of relativistic images and analyzing the overall optical structure of the solution.
The solution ZV generates a non-integrable dynamic system [23, 24] which does not allow the separation of variables and, as a consequence, explicit analytical description of the geodesic motion. Therefore, it is especially useful to try to obtain a series of analytical formulas characterizing the structure of TTS θ . We first consider the case of weakly deformed spaces with δ = 1 + , where is a small expansion parameter. This case is the most interesting because such solutions are hardly distinguishable from the classical Kerr-like solutions [7, 63] . We will look for the TTS θ surface as (see [41] for comparison):
Moreover, the boundary conditions (6.2) are obviously fulfilled automatically, and the case = 0 directly corresponds to the classical photon sphere r = 3m, which is obviously a special case of the TTS θ surface [33] . After substitution (6.4) in (6.1), the first component in the expansion of automatically vanishes, and equalizing the nontrivial coefficient for the first power of to zero leads to an infinite system of equations (as for spheroidal orbits [41] ):
1 − a 0 + 2a 1 = 0, 2 + a 0 − 22a 1 + 48a 2 = 0, (6.5)
2 )a n + (22 + 38n + 20n 2 )a n+1 − 8(2 + n)(3 + 2n)a n+2 = 0, n > 0. (6.6)
These recurrence relations are explicitly resolved via a 0 using hypergeometric functions. In order for the series to converge, one needs to require a n = 0 for n → ∞. Then one can get the following explicit expressions: 8) where the following notation is introduced for hypergeometric functions Similarly, we can study the case of extremely large δ, namely, the ZVI or Curzon-Chazy solution. The equation (6.2) for this metric has the following relatively simple form:
Based on the initial boundary conditions, we will look for its solution in the form of a series:
Now we will nullify the coefficients for each degree cos 2m θ in the expression obtained by substituting (6.12) into (6.11) and replacing all sin 2 θ with 1 − cos 2 θ. It is clear that all a n with n ≤ m will be included in this expression, and once a m+1 with a linear image. Indeed, a m+1
can only appear from the expansion of f (θ), where it appears linearly. Thus, we can obtain a series of recurrence relations, of which a m+1 is expressed as a solution to an equation of the first degree. Explicitly: By fixing some order m 1 we can easily get an approximate expression for TTS θ with any accuracy needed. To do this, we determine a from the condition P m (a) = 0, and of course, the solution of the algebraic equation is found numerically, and then we substitute the value found in (6.13). We present the calculations in the table (IV). In this case, the coefficients coincide with the decomposition of the numerical solution.
Note that the existence of spherically asymmetrical TTS θ or spheroidal photon orbits in Curzon-Chazy solution may indicate the non-integrability of the corresponding geodesic system [41] , which is confirmed by the study of the Poincaré sections in [24] . It is easy to verify that the expressions obtained do indeed give a good approximation of an explicit numerical solution. However, a rough but very simple analytical approximation can be obtained for TTS θ and in the case of an arbitrary δ. To do this, consider the first and second terms in the expansion (6.12):
To determine the value of the parameter b we substitute (6.14) into (2.11, 2.12) and consider enequalities at θ = 0, π/2:
Replacing the second two inequalities with equalities, it is easy to get the value of the parameters a and b for the approximate TTS θ . In this case, of course, the inequalities (6.15, 6.16) at arbitrary angles should be verified, which is indeed the case. So we get:
An important feature of the images we obtained Figs.3 is the presence of white spots corresponding to a sign-indetermined quadratic form. In the case of Kerr solutions, these corresponded to the photon region, this is also so in the Zipoy-Voorhees case, but in a certain approximation.
VII. GENERALIZED PHOTON REGION
We have seen that TTS θ defines the behavior of geodesics with zero orbital angular momentum. As we showed in our work [44] , to analyze geodesics with other values of the moment, it is necessary to construct a generalization of the photon region using the same formalism as in the case of TTS. A photon region in Kerr-like solutions is formed by a set of open surfaces r = const on which there are closed isotropic geodesics, with each valid value of the impact parameter [36] .
From the point of view of the formalism [44] that we are considering, we must consider the unclosed surfaces f , such that the values of the second fundamental form on some isotropic tangent vectors (with a fixed ratio of orbital angular momentum and energy) were equal to zero H(γ,γ) = 0. We will act as before, but now exclude theθ component:
These expressions are conveniently written in terms of energy and impact parameter (4.1):
2)
It should be borne in mind that in this formula ρ 2 no longer takes arbitrary values, since the isotropy condition imposes the restriction g φφ ≥ ρ 2 |g tt |. In particular for each ρ surfaces f are limited by turning or boundary angles θ b determined by equality g φφ = ρ 2 |g tt |. At the same time, the condition (7.2) means that geodesics with a fixed ρ will remain on these surfaces, Figures (Fig. 4a, 4d ) represent the image of a generalized photon region containing an infinite set of photon surfaces for each value of the impact parameter 0 < ρ < ρ max , while the figures (Fig. 4b,   4e ) illustrate several separate surfaces from the photon region. The figures (Fig. 4c, 4f ) illustrate the set of geodesics with a nonzero impact parameter from a certain observation point scattered on the surface of the photon region corresponding to this parameter. Red geodesics, as before, are responsible for the emergence of relativistic images and determine the border of the shadow.
which is exactly a property of the photon region of Kerr-like solutions, as well as the general property of spheroidal photon orbits [41] , representing a special case of fundamental photon orbits [42] .
In terms of the principal curvatures, the equation (7.2) means:
Thus, the photon region is a one-parameter ρ-family of the surfaces containing both TTS θ (λ θ = λ t ) and TTS φ (λ φ = λ t ) surfaces(in particular equatorial circular photon orbits, if it exists). In fact, ξ ρ (θ b ) = 1 for the turning or boundary angle θ b . Accordingly, TTS φ are two-dimensional and contained in the boundary of each photon region surfaces. Note that ξ ρ (θ) itself is a function
and not a numeric parameter of the family but it depends linearly on such a parameter ρ 2 .
We can obtain the following explicit form of equation (7.2): 
at the θ b boundary of a generalized photon region. Now the equation is easy to solve numerically using the shooting method. Set the initial conditions out of symmetry: 8) and require that for the boundary θ b defined by equality (7.6) on the solution f , the condition (7.7) is satisfied. Acting as in the case of calculating TTS θ , we obtain a family of photon region surfaces for each value of ρ forming a generalized photon region Figs. 4. These figures also depict a set of geodesics with a non-zero value of the impact parameter ρ = 0 from the observation point r O = 3M and angles θ O = π/2. It can be seen that there are geodetic wound around photon region surface (see also Figs. 5) and defining the shadow boundary and a set of relativistic images [61, 62] just like it was for spherical photon orbits in the Kerr metric [36] [37] [38] . Thus, these properties of isotropic geodesics leading to the characteristic structures of the photon region are not a unique effect generated by rotation and even non-static space [42] . 
In particular, when δ → ∞ we get ρ max = 2eM . At the same time, due to the fact that and, therefore, the optical properties of the solution changes(see section VIII below and [7] ).
As was demonstrated in section IV, knowing the value of ρ max you can determine the equatorial size of the shadow for the equatorial observer, determined by the rays relating to the photon region. Indeed, from (4.9) we get:
In the particular case of Curzon-Chazy metric:
The case δ < 1 should be considered separately. The first important difference is that instead of TTS θ there is ATTS θ Figs. 6a -6b. The second is that the photon region is located inside the ATTS θ surface Figs. 6d -6f, which differs significantly from the case of Kerr-like solutions [37, 38] . The value of r max becomes the minimum for the equatorial size of the surfaces of the photon region. As a result, instead of a slightly oblate solution, we get extended in the direction of the poles. At the same time, of course, there are still relativistic images [61] created by geodetic wound on the surface in the photon region Fig. 6f . However, a closed TTS will exist only for δ > 1/2 values, since the photon region touches the singularity with δ = 1/2 (7.9).
With δ < 1/2 the solution belongs to the second type II of our classification [44] and will have a clearly different optical structure Figs. 7 (see also [7] ). In particular, relativistic images will not appear near the entire border of the shadow, although they will still exist in the vicinity of (Fig.6d,6f ).
As can be seen from the Fig. 6c , the region of the possible existence of the PTTS (between the singularity and ATTS θ near the poles) decreases with decreasing δ, hence the region of existence of relativistic images decreases, and the solution itself asymptotically approaches the third type III.
IX. SHADOW
The shadow of the ZV solution is constructed and investigated, for example, in the work [7] .
Here, we provide more details about the structure of these images as well as the existence of relativistic images, based on the structure of the characteristic surfaces.
Obviously, the shadow of a non-spherical object like TTS θ will not be symmetric when Finally, we build the complete image of the shadow along with the relativistic images from the ZV solution Figs. 9 -11 just like it was done in [3] [4] [5] [6] . From the observation point r O = 5M , a set of geodesics in different directions on the celestial sphere is launched in stereographic coordinates (X, Y ) (4.8) and tracked to which part of the sphere r = 30M colored with four colors will fall into the geodesic. In this case, the initial conditions for the system of equations (Fig. 8c) , the dotted line corresponds to the limit solutions of ZVI.
X → −X.
The basic properties of the shadow were predicted by us earlier. In particular, when δ > 1 we expect that the shadow is somewhat flattened (due to the presence of the photon region), with δ < 1 extended (the photon region inside ATTS θ ). When δ < 1/2, the optical structure differs significantly. In particular, some of the relativistic images disappear.
In the Figs Figs. 11 represent the image of deformed ZV metrics with δ < 1. As expected, the shadow is extended in the direction of the poles. When δ < 1/2 (Figs. 11d -11i ), the solutions are significantly deformed, relativistic images disappear in the vicinity of the equatorial plane, the image differs significantly from type I Kerr-like solutions [7] . Thus, the classification [44] introduced by us remains valid in the case of ZV metrics.
X. CONCLUSION AND DISCUSSION
In this paper we developed further our formalism, intended to characterize the optical appearance of metrics associated with compact astrophysical objects without resorting to the integration of geodetic equations. In absence of spherical symmetry, crucial role in such an analysis is played by transversely trapping photon surfaces whose definition generalize that of the photon spheres. TTSs can be determined by examining the properties of the second quadratic forms of timelike hypersurfaces in space-time. Further specifying the TTSs in a static axially-symmetric spacetime according relations between their principal curvatures, one is able to define suitable generalization of the notion of the photon regions known in the Kerr metric to situation when geodesic equations are non-integrable and consequently the fundamental photon orbits can not be described explicitly.
In terms of principal curvatures λ A , A = t, θ, φ, the totally umbilic photon surfaces correspond to equal λ A , while for the newly introduced TTS θ , only two principal curvatures are equal (λ θ = λ t ). Similarly, one can define the surface TTS φ . Using these definitions, we then described the generalized photon region as a one-parameter family of surfaces containing both three-dimensional (A)TTS θ and two-dimensional surfaces (A)TTS φ at each boundary. In particular, if there exists an equatorial circular photon orbit (ECO), the photon region can be regarded as some one-parameter ρ-interpolation between the ECO (ρ = ρ max ) and the (A)TTS θ (ρ = 0).
Applying this technique to Zipoy-Voorhees spacetime, we demonstrated that the existence of a photon region and the TTSs is not a unique feature of rotating solutions. At the same time, the presence of spheroidal photon orbits [41] indicates the non-integrability of the corresponding dynamical system and the occurrence of geodesic chaos [23, 24, 41] .
We got a series of numerical and approximate analytical expressions (6.4, 6.12) and analyzed their relationship with the behavior of the scattered geodesics. We have found that geodesics with ρ = 0 may wind on the (A)TTS θ surface creating relativistic images [61, 62] and determining the vertical size of the shadow in the coordinates of the stereographic projection of the observers celestial sphere. Instead, geodesic with nonzero impact parameter ρ = 0 can wind on various photon region surfaces similarly to the Kerr case [36] determining the shape of the shadow and the relativistic images. We also managed to obtain an explicit analytical formula for the equatorial size of the shadow (7.10, 7.11).
We find that ZV family of solutions falls under the optical classification of Kerr-like solutions that we introduced previously [44] and has a somewhat similar to Kerr optical structure (this was also observed in [7, 63] ). Namely, the solutions with δ > 1/2, including Chazy-Curzon metric, belong to the type I, and with δ < 1/2 -to the type II. For δ > 1 the shadow is somewhat flattened and extended with respect to the case δ < 1. These features are confirmed by the explicit calculation of the shadow and the structure of the optical images in Figs. 10 -11 (see also [7] ). We also obtained the explicit parameters of the shadow in Figs. 8, and
analyzed their relationship with the behavior of the scattered geodesic and the structure of the characteristic surfaces.
We believe that the description of the optical properties of the metrics in the geometric terms of principal curvatures without solving the geodesic equations can be useful in further applications, in particular, in analysis of integrability, and is worth to be developed further. 
